
�y�o � w uyP �xQ�� QO VywSB

�v�LwQ u�y�W
�OvtWwy ��ysDU�U �xOmWywSB
w �O��v� ��yWv�O x�oWywSB

�QwLt�u�yH R� �Q OwN R� u�Uv� �Q� wYD ��U�vWu�y�m �xv�tR QOVywSB �G��Dv xm Qw�u�ty
VywSB �O�O Q��eD �r�H u�OvJxv �v�Wmym R� xO�Di�QwO ��xWwo QO R�J�v �OwHwt x	
OvJQy 
O�O Oy�wN Q��eD �Q OwN R� u�Uv� �Q� wYD sDL �Qw�x	 R�v �y�o � w uyP �xv�tR QO
�Wv�O u�vJ �t� �xDW�O �RmQt �Vkv CtmL QO xW�ty �y�o � w uyP �C�y�t �xr��Ut
��x� Q�v x	 �	��DUO �p�tDL� xm CU� Q��L �QYa QO �yvD 
CU� xOw	 TQDUO R� QwO
��UwD V�B �uQk wO ��� �O�OH �Vv�O u�� ��yx��B 
OQ�O OwHw �y�o � w uyP R� �tra
�p�U pyJ ��� �t� 
OW xDW�Po �U�vWv�wQ w �xiUri �j�vt ��U�vWu�	 R �u�kkLt
�va� �O�OH ��tra �xv�tR wO �xYQa x	 OwQw �p�rOx	��sra u�� QO �ak�w �CiQW�B xDWPo
xm CU� K��w��DQD u�� x	 
CU� xOW Q�PBu�mt���QDw�Bt�m �sra w �U�vW�Ya �sra
��y���v�wD �C�y�t �uO�tyi u� �hOy w OQ�O ��xDWQu��t �D�y�t ��WywSB �xv�tR u��
�C�OwHwt QOCU� umtt �y���v�wD u�� 
CU� OvtiOy �s�Ok� w �u�	 R �lQO �Ovv�t �OvtWwy


OvwW Ci�� �awvYt �C�OwHwt �� w �a���


u�W�t ��Q	 s�Ok� w pqODU� �lQO �u�mt� �O�H�� R� CU� CQ��a �awvYt �Vwy
x�U�Lt Q	 u� �O�m ��D QO �U�vWu�wQ �	 �awvYt �Vwy �Cw�iD �h� QaD u�� �x�oO�O R�
�pqODU� �lQO �Ovv�t �Dqwkt Q	 u� �O�m ��D QO QDw�Bt�m �sra �	 u� �Cw�iD u�vJty w CU�
����v�	 �u�	 R �Vkv �wQ R�v �awvYt �Vwy ��WywSB ��rY� ��yxv�tR 
CU� s�Ok� w
�RmQt �w�wt xU u�� x	 QDW�	 �QOk O�yO	 xR�H� 
OvQ�O RmQtD u�W�t QO CmQL w


s� R�OQB	

a
s
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 �u�DU��D �swO �xQ�tW �sWW �p�U

�r�aD xtU��

�xQ�tW u�� QO

�y�o � w uyP �xQ�� QO VywSB
�wrv�N�Q uwO� Qi ��y�v�QvNU �xYqN

x�oWywSB QO s�mWwN OwtLt w �uwUrOvt l� Q�
x�aq��

CWPo xJv�
RmQt R� �Q��N�
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u�vJ x	 p�O�D �CU� xDU	 Vkv sWJ �x�m�W �wQ xm �Q� wYD ��k�kO xvwoJ
�Q �vW� �s�UH� xvwoJ �t 
CU� �rmWt Q��U	 �xr��Ut �OwW�t ���yV��tv
xvwoJ OQ�O Q�Qk ���v�	 �x�oDUO �CWB xm �vwQwv �Q�DN�U �s�yO�tX�NWD
R� Q�Okt xJ w OwW�t s�Hv� �Q�Ri�sQv �Qw� x	 ���v�	 OL xJ �D �Ovm�t Q�m
Ret QO xm CU� xOW XNWt uwvm � �CU� xOW Q�Po �w Q�Ri�CNU x	 Q�m
�OD	� QO �w�N �p�rLD 
OvQ�O xOWh� QaD V�B R� �h���w �X�N ���yuwQwv
R�v CQwY �X�NWD Ovv�t �QDxO�J�B �h���w CU� umtt �t� 
OW hWm
�sra �wQ p	�kDt �Qw�x	 �yVywSB u�� �G��Dv 
OvW�	 �Y�N ��yuwQwv ��Q�O


OQ�Po�t Q�F��D u�W�t ��Q	 O�O ����v�wD �O�H�� w Q� wYD �VR�OQB
�OwW�t s�UkD �RHt �xr��Ut wO x	 �DvU �Qw�x	 u�W�t ��Q	 ���v�	 �xr��Ut
�p�O�D R� CU� CQ��a OwW�t xDN�vW l�i�Qo s�v x	 xm s�kDUt �xr��Ut
�CN�vW w G�QNDU� �va� �Twmat �xr��Ut w QDw�Bt�m ��UwD Q� wYD x	 w�wt
��y���v�wD R� pkDUt �pw� �xv�tR QO 
Q� wYD l� �pN�O QO �r�H �C�OwHwt
�uO�WmQ� wYD x	 QO �tra �syt �Q�F��D �OvQ�O �yu�W�t xRwQt� xm ��r�H �l�i�Qo
��ypwmrwt Ovv�t �CU� xOw	 pmWt �yv� �sUHD ��k	�U xm CU� �tra �G��Dv
�v�w�Qi ��tra ��yOQ	 Q�m �swO �xv�tR QO 
Cq��U QO�oOvm �QB �� w nQR	�r�N
pY�L �Q� w�YD �l�D�twD� �p�rLD �j� Q� R� �mWRB �X�NWD x	 ltm �p��k R�


OQ	 s�v u�wD�t �Q �mWRB ��yx�oDUO R�

CmQL

R� pY�L ��yp�vo�U �OvQ�O Cw�iDt ��UL ��yu�oQ� xOvR �C�OwHwt �x�rm

OvwQ�t Q�mx	CN�vW QO w OvwW�t��mQD Qo�Om� �	 xQ�e w ����wvW ����v�	

OvwW�t xDiQo Q�mx	 OwHwt �C�t�Ok� w Q�DiQ �C��Oy QO TBU C�aq�� u��
x��Q� Ret �Q�DN�U x	 	H�Q �k�ta �Vv�O �Q�DiQ w lQO �VvmtyQ	 �xar��t
OQ�W�B �Q l�D�twD� �C��rta w ���v�	 Vv�O u�� �Qo�O �hQ� R� 
OQm Oy�wN
�s�vm�t xOy�Wt �vqw� �COt ��Q	 �Q ���Lt xm �t�ovy 
O�O Oy�wN
	H�Q �D�aq�� w ��W� �OQwt QO C�i�iW w xR�Ov� Ovv�t �D�aq�� ��W� �CmQL
pmW wO �qwtat VywSB wv u�� 
OyO�t �t x	 �u� �jta �Ovv�t� ��Lt x	
�OwW�t CmQL R� �rOt x	 QHvt xm xr��Ut ��Q�v �xar��t 
OQ�PB�t OwN x	
�V��tv x	 xm ��m� R�i�u�wQ ��yV��tR� �T�U� Q	 xm �	 QHD �xar��t Qo�O w


OR�OQB�t ���v�	 �sDU�U QO CmQL
�OQ�O Q�Qk QDw�Bt�m QO VywSB u�� �xmU �Qo�O �wQ �EL��t �Q��U �Ovv�t


l�D�	 wQ w �R�Ht �C�ak�w ��QDw�Bt�m ��R�UlQLDt �Ovv�t
��Qi �C�ty� ��Q�O R�v �Qmi �pwLD u�� ��tra ��y�qkv� �Q��U �Ovv�ty
xm CU� K��w Vv�O u�� �u�kkLt ��Q	 
CU� l�tO�m � w �tra ��yRQt
�Q�DN�U Q	 �tyt �Q�F��D ����� Q ��yx� Q�v Q	 �vD�t uyP �Vv�O x	 �	��DUO
QO�k xm CN�U u�wD�t ���yu�W�t Vv�O u�� �ltm �	 
CW�O Oy�wN uOtD
w xFL��t �pqODU� ��Rwt�OwN ����v�wD �yu�W�t u�� 
Ow	 Ovy�wN ��vO �lQO x	
u��Q	�v	 
CW�O Ovy�wN �Q �Pm ��QDN� �j� Q� R� �DL OwN �C�t�tYD ��QH�
u�� ��y�wt R� �D Ov�xOt�QO CmQL x	 �t��a ��O�YDk� w �a�tDH� ��ywQ�v

u�� R

xmv�� �p��k R� ���yVUQB x	 MU�B �uDi�� 
Ovt�v�t �U�vWu�� R �Q u�	 R ��tra �xar��t
��rY� ��wDLt �Ovm�t �O�B V��tv xvwoJ uyP QO w CU�J u�	 R �C�y�t
��yQ�DN�U �OwHw �U�vWu�	 R ��RmQt ��yZQi R� �m� 
CU� �U�vWu�	 R
CUOl� �u�v�wk u�vJ �uDi�� u�U�vWu�	 R ��aU wCU� u�	 R R� pkDUt�	t�H
�W�v �yQ�DN�U u�� CU� umtt OW�	 u�vJ Qo � 
OW�	�t �rwtWu�yH w
Ov�wD�t �U�vWu�	 R CQwY u�� QO xm OvW�	 Ret QO OwHwt ��yQ�DN�U R�
�OwQw Qo�O �hQ� R� 
OyO	 u�Uv� �Ret �Q�DN�U x	 	H�Q ��r�H �C�aq��
�Q�DWwv �p�rLD �p��k R� �O�OH ��yji� �U�vWu�	 R �xYQa x	 QDw�Bt�m
�U�vWu�	 R w QDw�Bt�m w sra �x�	�Q 
CU� xOQm R�	 �Q � � � w �l�D�twD� �xtHQD
Q�Ri�sQv �awv 	k�w QO u�	 R 
CU� �Qw�ui �CiQW�B l� ��iQY R� QDj�ta
�s�vm x��WD QDw�Bt�m l� �Q�Ri�CNU x	 �Q u�Uv� �Ret ��ypwrU Qo � �CU�
Ret QO �Q�oO�� �pta xm OQm xHwD O��	 xD�r� 
OwW x��WD Q�Ri�sQv x	 O��	 u�	 R
QO 
OwW�t Q�DN�U �Q��eD �Ea�	 u��Q	�v	 w �yTB�v�U QO ����t�W �Q��eD �Ea�	
O�H�� �Q�DN�U �Q��eD xvwoI�y QDw�Bt�m QO �yxO�O ��yx�o��B �Q��eD xm �r�L
Ret QO u�	 R �VRwt� �Q� R OQ�Ov Q�Ri�sQv �	 j�kO �x	�WD u�	 R u��Q	�v	 
Ovm�tv
�Q��U �	 O�Rwv QO u�	 R �VRwt� �u�� Q	 ��i�
t 
Ovm�t O�H�� �Q�DN�U �C�Q��eD
Ret QO ��xDN�UV�B R� ��yQ�Ot xm OvOkDat �NQ	 
OQ�O Cw�iD �y�Q�oO��
�C�Y�N l� u�	 R ��Q�oO�� ����v�wD ��D��yv w OvQ�O OwHw u�	 R ��Q�oO�� ��Q	
x	 pUv w OwW�t pQDvm �m�DvS Qw�x	 xm CU� Ret �innate� ��vwQO
R� �Q��U	 w CU� uQ�kDt Q�Ri�sQv w u�	 R �u�	 x	�WD 
O	���t p�kDv� pUv
�Q �a��� ��yu�	 R xm �Qw�x	 
OvQ�O �U�vWu�	 R QO xW� Q Q�Ri�sQv �s�y�it
��Q	 �awvYt ��yu�	 R xm �r�L QO Ovvm�t xO�iDU� l� Swrw�	 �C�OwHwt
�QDN� u�U�vWu�	 R ��UwD xm �QDw�Bt�m ��yVwQ 
Ov�xOW �QDN� u�W�t


Ov�xDiQ sy QD�Qi Ov�xOW
�OvwW�t xDiQo Q�mx	l�DvS QO xm OvDUy��r�H �p�Ft �QDw�Bt�m ��ypOt
�p�Ft 
Ov�xOQm �O�B OQ	 Q�m �U�vWu�	 R QO xm l�DvSwr�i ��yCNQO Ovv�t

CU� RNA w DNA Ovv�t �DU� R ��ypwmrwt �	 u�	 R �x	�WD Qo�O
CqtH w �yR�	 R� ���yxr��vO �u�wvax	 �yuS �u�	 x	�WD �T�U�Q	 �rY� �xO��
�yR�	 R� ���DxU Qy �DNA �pwmrwt QO 
CU� hwQL R� ��xr��vO �u�wvax	
hwQL R� �ywQo �u�	 R QO xm �r�L QO �OwW�t QHvt xv�t� O�U� l� x	
uOW xtHQD R� TB �yuS 
OvyO�t p�mWD �Q xtrm �Q�O�vat �OL�w l�
�Q u��DwQB u�� 
OvwW�t u��DwQB �p�mWD x	 QHvt �gene expression�

�U�vWu�	 R ��D�ar��t ��yVwQ��DQD u�� x	 
CUv�O uSl� ��vat u�wD�t

OvwW�t l�DvS QO xO�iDU� �p	�k R�v

���v��

u�yH R� ���yV��tv �CN�U x	 QHvt xm CU� �Ov��Qi ���v�	 R� �W�v �lQO
xm�r�t u�� �lQO 
Ov���t Q�mx	 s�Ok� w ��R� Qxt�vQ	 �CN�vW QO xm OwW�t

s
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OvQ�o xQy	 VywSB
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x�oWywSB QO wrv�N��Q uwO� Qi ��v�QvNU �xYqN
�Q�e �Cr�L QO Qw	 Rt �xrO�at 
OvQw� CUOx	 pO�aD �Q�e w pO�aD �Cr�L QO
�pY� �ZQi �	 �Q xrO�at u�� u�tRDrw	 
CU� hwQat u�tRDrw	 �xrO�at x	 �pO�aD
�Stosszahlen Satz� TD�R ury�R

�
TD�W� ��rwmrwt ��wW� �OwN �hwQat

QO 
CU� xOt��v CUOx	 pY� u�� ��Q	 ���� Q �D��F� uwvm �D 
OQw� CUOx	
QO xm ���ypOt ��Q	 u�tRDrw	 �wv R� �DqO�at �G�QNDU� �xQ�	 QO ��v�QvNU u��
�	 �ut� QO 
s�vm�t woDio CU� �iO�YD �ypwmrwt �OQwNQ	 �sU�v�mt �yv�
�h�YwD u�wD�t �u�tRDrw	 �xrO�at x	lJwm �xR�Ov� R� �iO�YD �DQ��a �uOwRi�


OQw� CUOx	 j�kQ ��yR�o R� �QDy	

j�kQ ��yR�o �C����� Q

�Q R�o u�� x�ov� 
OW�	 xOW p�mWD � �Q�k x	 pwmrwt N R� �R�o s�vm ZQi

OW�	 � OwOL QO pwmrwt N �xr�Uwx	 xOWp�eW� ��
i Qo � s�t�v�t j�kQ
�CaQU �Q�OQ	 �rw CU� CmQL QO OwN �CaQU �Q�OQ	 �j�� Q	 pwmrwt Qy
w pwUm �t 
OwW�t Zwa Qo�Om� �	 �m�DUq� �OQwNQ	 �QF� QO �ypwmrwt
�ypwmrwt ��r�oJ ��Q	��U�vt �CqO�at OvOW jiwt �xDWPo �uQk QO �u�tRDrw	

x�oWywSB QO uwUrOvt l� Q� ��v�QvNU �xYqN
��QW Q	 xwqa Qo �

uvw� xyw � B�� uva� xyb � B� � a �� b�

�OW�	 Q�QkQ	 R�v Q� R ��QW

uvw� xyb � B�� uva� xyw � B� � a �� b�

Q��vDt �a� Qt ��yxv�N �s�vx	 ����W� �xO�wv�N �	 �Q Ot�aDt ����DxU ��yx�oDUO

Ovvm�t Q��vDtGm ��a	 Qt��yxv�N �	 �QGm �Ot�aDt ����DxU��yx�oDUO w xOQm
�D����mQD ��yKQ� �uDN�U QO �U�U� ��yl�vmD ��v�QvNU u�� QO
QO �yv� �xr�Uwx	 xm �D��U�Lt ��yVwQ w u���B�	 ��yC���y��OwW�t x��Q�
p�Ft �u�wvax	 s�DUy Gm �Ot�aDt ��Qv��DW� ����DxU ��yx�oDUO �wHDUH


OW Ovy�wN x�Qa

��D����mQD��yKQ� �x� Q�v QO�D�k�kLD �p�Ftl�
Gm �Ot�aDt ��Qv��DW� ����DxU ��yx�oDUO

QO xm �V�B��GwRl� R�CU�CQ��aSTS�v��Qv��DW� ����DxU �x�oDUOl�
�Qw�x	 �CU�V ��w
axU��yxawtHtQ� R R� ��xawtHtB w jV j � v u�
����DxU ��yx�oDUO 
OwW Qy�� B �w
al� QO ��k�kO V R� y w x �GwR Qy xm
����DxU ��yx�oDUO 
OvDUy�D����mQD ��yKQ� ��yp�Ft u� QDxO�U �Qv��DW�
�S� � S�� Ov� wo Ot�aDt �Q S� � �V�B�� w S� � �V�B�� �Qv��DW�
�uvw� xyw � B� �fu� vg �� fx� yg Qo � w B� � B� � � x�oQy
����DxU ��yKQ� ��OwHw �xr��Ut �pL 
a �� b x�ov� uva� xyb � B� w
��xOta �OQw�DUO �D����mQD ��yKQ� �x� Q�v QO �OSTS� Ot�aDt ��Qv��DW�
�S��o S�� Ov� wo Gm �Ot�aDt �Q Ot�aDt ����DxU �x�oDUO wO 
OwW�t �wULt

x�oWywSB QO s�mWwN OwtLt ��v�QvNU �xYqN

The subfactors theory from a com�

binatorial point of view

In ����	 V� Jones de
ned an invariant for subalgebras

of type II��factors	 a certain type of Von Neumann al�

gebras� For a pair N � M of type II��factors	 Jones

de
ned the index of N in M 	 denoted by �M  N �	 to be

the Murry Von Neumann coupling constant of N acting

on the standard representation ofM � Roughly speaking	

this is the dimension of M �more accurately L��M� tr��

as a right N �module� Beside the remarkable success of

Jones� theory in its original goal of classifying subfac�

tors	 the combinatorial nature of the subject leads us

into numerous applications in other areas of mathemat�

ics and physics� There are applications in low dimen�

sional topology	 knot theory	 and in quantum 
eld the�

ory via Hecke algebras�

An inclusion N � M of type II��factors may be

viewed as a mathematical object encoding symmetries

s
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of other mathematical objects� The symmetries can be

decoded by using operator albgebraic methods� For ex�

ample	 certain Coxeter graphs which appear in the clas�

si
cation of semisimple Lie algebras are determined by

inclusions N � M with �M  N � � ��

I will introduce the subfactors theory from a combi�

natorial point of view but a basic knowledge of linear

operators on Hilbert spaces will be assumed�

� x�aq�� �

� �

u�DUvtQ� w u�Q�� �lQDWt �x�oQ�m u�twO
��Ya ��yxm�W ��R�UpOt QO l�t�v�O ��ysDU�U �Ci��yQ��

��Ya ��ysDU�U ��R�UpOt��
implementation��

��QwytH �u�� Q�ov�r�JCwW� �uOvr�Gr�m p�� QBt� �QOv�Umr� Qwo�� 	xQwO �u�v�QvNU
�u�� Q�Rq �Qv� w �u�wQ�� ��U�vWu�y�m �wD�DUv� �u��v�OQ�w C�Q�Q� �u�DUvtQ�


u�wQ�� �x�oWv�O
wO QO x�oQ�m �C�UrH �u�� R 
Ow� Oy�wN �	�� �D 	�� R� x�oQ�m �xv�RwQ �xt�vQ�


Ow� Oy�wN �U�rov� �Oa� ��yRwQ QO w �UQ�i pw� �RwQ
��� �� �� �xQ�tW x� Ovv�wD�t u�Ovtxkqa �QDW�� �C�aq�� ��Um ��Q�


Ovvm uirD �x�oQ�m �xv�NQ��O�

�xOmWywSB QO ��� �QP� �� �D � R� ��Ya ��yxm�W �u�wva �� x�oQ�m u��
�x�oWv�O �OvtWwy��ysDU�U �xOmWywSB 
OWOy�wNQ�PoQ�OvtWwy��ysDU�U
u�DUvtQ� �u�wQ�� ��U�vWu�y�m �wD�DUv� w ��wvH �u�QyD �OL�w ��tqU� �O�R�

CU� u��U��a u�ULr�O�a Q�v�tU �Q��O 
OvDUy x�oQ�m u�� �u�oOvvmQ�PoQ�
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